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Abstract 

Let F denote a field and let V denote a vector space over F with finite positive 
dimension. We consider a pair of linear transformations A : V — > V and A* : V — > V 
that satisfy the following conditions: (i) each of A, A* is diagonalizable; (ii) there 
exists an ordering {Vi}f =0 of the eigenspaces of A such that A* Vi C Vi-i +Vt + V L +i for 
< i < d, where V-i = and Vd+i — 0; (iii) there exists an ordering {V*}f =0 of the 
eigenspaces of A* such that AV* C y.*„ 1 + y.* + V* +1 for < i < 8, where V*j = and 
V s * +1 = 0; (iv) there is no subspace W of V such that AW C W , A*W C W , W ^ 0, 
W ^= V . We call such a pair a tridiagonal pair on V. It is known that d = 5 and for 
< i < d the dimensions of V i: V c i-i, V*, V rf *_ - coincide. We say the pair A, A* is sharp 
whenever dimVo = 1. It is known that if F is algebraically closed then A, A* is sharp. 
A conjectured classification of the sharp tridiagonal pairs was recently introduced by T. 
Ito and the second author. We present a result which supports the conjecture. Given 
scalars {9i}f =0 , {0*}f = o m F that satisfy the known constraints on the eigenvalues of 
a tridiagonal pair, we define an F- algebra T by generators and relations. We consider 
the F-algebra e^Teg for a certain idempotent eg € T. Let ¥[xi, . . . ,Xd] denote the 
polynomial algebra over F involving d mutually commuting indeterminates. We display 
a surjective F-algebra homomorphism /i : ¥[x±, . . . , Xd] — > e^Te^. We conjecture that /i 
is an isomorphism. We show that this ^-conjecture implies the classification conjecture, 
and that the /x-conjecture holds for d < 5. 
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1 Tridiagonal pairs 

Throughout this paper F denotes a field. 

We begin by recalling the notion of a tridiagonal pair. We will use the following terms. 
Let V denote a vector space over F with finite positive dimension. For a linear transfor- 
mation A:V^V and a subspace W C V, we call W an eigenspace of A whenever W ^ 
and there exists 9 £ F such that W = {v £ V \ Av = 9v}; in this case 9 is the eigenvalue 
of A associated with W. We say that A is diagonalizable whenever V is spanned by the 
eigenspaces of A. 

x This author gratefully acknowledges support from the FY2007 JSPS Invitation Fellowship Program for 
Reseach in Japan (Long-Term), grant L-07512. 



Definition 1.1 [14, Definition 1.1] Let V denote a vector space over F with finite positive 
dimension. By a tridiagonal pair on V we mean an ordered pair of linear transformations 
A : V — > V and A* : V —> V that satisfy the following four conditions. 

(i) Each of A, A* is diagonalizable. 

(ii) There exists an ordering {Vi}f =0 of the eigenspaces of A such that 

A*Vi C Vi-x + Vi + Vi+i (0<i< d), (1) 

where V-i = and Vd+i = 0. 

(iii) There exists an ordering {V^*}f =0 of the eigenspaces of A* such that 

AV*CV*_ 1 + V* + V* +l (0<i<6), (2) 

where V* x = and V s * +1 = 0. 

(iv) There does not exist a subspace W of V such that AW C W, A*W <^ W, W ^ 0, 
W + V. 

We say the pair A, A* is over F. We call V the vector space underlying A, A*. 

Note 1.2 According to a common notational convention A* denotes the conjugate-transpose 
of A. We are not using this convention. In a tridiagonal pair A, A* the linear transforma- 
tions A and A* are arbitrary subject to (i)-(iv) above. 

We now summarize what is known about tridiagonal pairs. Let A, A* denote a tridiag- 
onal pair on V, as in Definition 1 1.1 1 By [14, Lemma 4.5] the integers d and 5 from (ii), (iii) 
are equal; we call this common value the diameter of the pair. By [14, Theorem 10.1] the 
pair A, A* satisfy two polynomial equations called the tridiagonal relations; these generalize 
the g-Serre relations [39, Example 3.6] and the Dolan-Grady relations [39, Example 3.2]. 
See [5-11,24,39,43] for results on the tridiagonal relations. An ordering of the eigenspaces 
of A (resp. A*) is said to be standard whenever it satisfies (pQ) (resp. ([2])). We comment 
on the uniqueness of the standard ordering. Let {Vi}f =0 denote a standard ordering of 
the eigenspaces of A. By [14, Lemma 2.4], the ordering {Vd-i}f =0 is also standard and 
no further ordering is standard. A similar result holds for the eigenspaces of A*. Let 
{Vi}f =0 (resp. {V*}f =0 ) denote a standard ordering of the eigenspaces of A (resp. A*). 
By [14, Corollary 5.7], for < i < d the spaces V{, V* have the same dimension; we denote 
this common dimension by pi. By [14, Corollaries 5.7, 6.6] the sequence {pi}f =0 is symmet- 
ric and unimodal; that is pi = Pd-% for < % < d and pi-\ < p% for 1 < i < d/2. We call the 
sequence {pi}f =0 the shape of A, A*. See [15,17,21,22,25,26,33] for results on the shape. 
We say A, A* is sharp whenever po = 1. By [36, Theorem 1.3], if F is algebraically closed 
then A, A* is sharp. By [36, Theorem 1.4], if A, A* is sharp then there exists a nondegener- 
ate symmetric bilinear form ( , ) on V such that (Au,v) = {u,Av) and (A*u,v) = {u,A*v) 
for all u,v € V. See [3, 34] for results on the bilinear form. The following special cases 
of tridiagonal pairs have been studied extensively. In [44] the tridiagonal pairs of shape 
(1, 2, 1) are classified and described in detail. The tridiagonal pairs of shape (1,1,..., 1) 
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are called Leonard pairs [38, Definition 1.1], and these are classified in [38,40]. This clas- 
sification yields a correspondence between the Leonard pairs and a family of orthogonal 
polynomials consisting of the g-Racah polynomials and their relatives [4,41]. This family 
coincides with the terminating branch of the Askey scheme [23]. See [27-32,42] and the 
references therein for results on Leonard pairs. For the above tridiagonal pair A, A* and for 
< i < d let 0{ (resp. 9*) denote the eigenvalue of A (resp. A*) associated with Vi (resp. 
V*). The pair A, A* is said to have Krawtchouk type (resp. q-geometric type) whenever 
6i = d-2i (resp. 9 { = q d ~ 21 ) and 9* = d-2i (resp. 9* = q d ~ 2t ) for < i < d. In [13, Theo- 
rems 1.7, 1.8] the tridiagonal pairs of Krawtchouk type are classified. By [13, Remark 1.9] 
these tridiagonal pairs are in bijection with the finite-dimensional irreducible modules for 
the three-point loop algebra 5I2 ® F[i,t -1 , (t — l) -1 ]. See [20,21] for results on tridiagonal 
pairs of Krawtchouk type. In [17, Theorems 1.6, 1.7] the g-geometric tridiagonal pairs are 
classified. By [18, Theorems 10.3, 10.4] these tridiagonal pairs are in bijection with the 
type 1, finite-dimensional, irreducible modules for the algebra M q ; this is a (/-deformation 
of 5I2 ®F[£,i -1 , (t — 1) _1 ] as explained in [18]. See [1,2,15-17,19] for results on g-geometric 
tridiagonal pairs. 

We now summarize the present paper. A conjectured classification of the sharp tridi- 
agonal pairs was introduced in [21, Conjecture 14.6] and studied carefully in [34]; see Con- 
jecture [3J] below. In the present paper we obtain two results which clarify the conjecture 
and provide some more evidence that it is true. To describe these results, we start with a 
sequence of scalars ({9i}f =0 , {9*}f =0 ) taken from F that satisfy the known constraints on 
the eigenvalues of a tridiagonal pair over F; these are conditions (i) and (iii) in Conjecture 
13.11 We associate with this sequence an F-algebra T defined by generators and relations; T 
is reminiscent of an algebra introduced by E. Egge [12, Definition 4.1]. We are interested 
in the F-algebra e^Te^ where is a certain idempotent element of T. Let {xi}f =l denote 
mutually commuting indeterminates. Let F[xi, . . . ,xj[ denote the F-algebra consisting of 
the polynomials in {xi}f =l that have all coefficients in F. We display a surjective F-algebra 
homomorphism /j, : ¥[x\, . . . ,Xd] — > e^Te^. We conjecture that [i is an isomorphism; let us 
call this the fi- conjecture. Our two main results are that the //-conjecture implies the clas- 
sification conjecture, and that the /i-conjecture holds for d < 5. These results are contained 
in Theorems 110.11 and 112. 1[ 

2 Tridiagonal systems 

When working with a tridiagonal pair, it is often convenient to consider a closely related 
object called a tridiagonal system. To define a tridiagonal system, we recall a few concepts 
from linear algebra. Let V denote a vector space over F with finite positive dimension. Let 
End(y) denote the F-algebra of all linear transformations from V to V. Let A denote a 
diagonalizable element of End(V). Let {Vi}f =0 denote an ordering of the eigenspaces of A 
and let {9i}f =0 denote the corresponding ordering of the eigenvalues of A. For < i < d 
define E { G End(V) such that (E { - I)Vi = and EiVj = for j ^ i (0 < j < d). Here 
/ denotes the identity of End(V). We call E{ the primitive idempotent of A corresponding 
to Vi (or 0i). Observe that (i) Y,i=o E i = T ' ( u ) E i E j = 6 hi E i (° <h3 <d); (iii) V = E { V 
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(0 < i < d); (iv) A = £^ =0 Moreover 



0<i<d J 

Note that each of {vl 4 }f =0 , {Ej,}f_ is a basis for the F-subalgebra of End(F) generated 
by A. Moreover Ili=o(^- ~~ ^-0 = Now let A, A* denote a tridiagonal pair on V. An 
ordering of the primitive idempotents or eigenvalues of A (resp. A*) is said to be standard 
whenever the corresponding ordering of the eigenspaces of A (resp. A*) is standard. 

Definition 2.1 [14, Definition 2.1] Let V denote a vector space over F with finite positive 
dimension. By a tridiagonal system on V we mean a sequence 

<t> = (A;{E i }f =0 ;A*;{E*}t =0 ) 

that satisfies (i)-(iii) below. 

(i) A, A* is a tridiagonal pair on V . 

(ii) {Ei}f =0 is a standard ordering of the primitive idempotents of A. 

(iii) {E*}f =0 is a standard ordering of the primitive idempotents of A*. 
We say <& is over F. We call V the vector space underlying 

The notion of isomorphism for tridiagonal systems is defined in [34, Definition 3.1]. 
The following result is immediate from lines ([I]), (J2J) and Definition 12.11 



Lemma 2.2 [35, Lemma 2.5] Let (A;{Ei}f =0 ;A*;{E*}f =0 ) denote a tridiagonal syst 
Then for < k < d the following (i), (ii) hold. 



em. 



(i) E*A k E* = if k < 



J\- 



(ii) EiA* k Ej = ifk<\i-j\. 

Definition 2.3 Let $ = (A; {Ei}f =0 ; A*; {E*}f =0 ) denote a tridiagonal system on V. For 
< i < d let 9i (resp. 6*) denote the eigenvalue of A (resp. A*) associated with the 
eigenspace E^V (resp. E*V). We call {6i}f =0 (resp. {#*}f=o) the eigenvalue sequence 
(resp. dual eigenvalue sequence) of We observe that {9i}f =0 (resp. {#*}f =0 ) are mutually 
distinct and contained in F. We say $ is sharp whenever the tridiagonal pair A, A* is sharp. 

We now recall the split sequence of a tridiagonal system. We will use the following 
notation. 
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Definition 2.4 Let A denote an indeterminate and let F[A] denote the F-algebra consisting 
of the polynomials in A that have all coefficients in F. Let d denote a nonnegative integer 
and let ({9i}f =0 ; {9*}f =0 ) denote a sequence of scalars taken from F. Then for < i < d 
we define the following polynomials in F[A]: 



n 


= (A 


-e )(\- 


Oi)- 


(A-^-i), 


Vi 


= (A 


-e d )(\- 


d -i) 


■ • • (A - 0d-i+i), 


T* 


= (A 


-W- 


%)■■■ 


(A-^_!), 


* 


= (A 


-W- 




• • • (a - dd-i+i)- 



Note that each of Tj, rji, t* , n* is monic with degree i. 



The following definition of the split sequence is motivated by [36, Lemma 5.4]. 



Definition 2.5 Let (A;{Ei}f =0 ;A*;{E*}f =0 ) denote a sharp tridiagonal system over F, 
with eigenvalue sequence {6*j}f =0 and dual eigenvalue sequence {9*}f =0 . By [36, Lemma 
5.4], for < i < d there exists a unique Q <G F such that 

C ■ V* 

■p*- ( A\fP* — 

l{ ' (^5 — ^i)(^5 — ^2) - - ■ (^3 — " 

We note that Co = 1- We call {d}f =0 the split sequence of the tridiagonal system. 

Definition 2.6 [34, Definition 6.2] Let <3? denote a sharp tridiagonal system. By the 
parameter array of $ we mean the sequence {{Oi}f =0 ; {9*}f =0 ; {Ci}f=o) where {0{}f =0 (resp. 
{0*}f =0 ) is the eigenvalue sequence (resp. dual eigenvalue sequence) of $ and {Ci}f=o i s the- 
split sequence of $. 

3 The classification conjecture 

In this section we discuss a conjectured classification of the sharp tridiagonal systems. 
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Conjecture 3.1 [21, Conjecture 14.6] Let d denote a nonnegative integer and let 



({^}f =0 ;{^}to;te}to) (4) 

denote a sequence of scalars taken from F. Then there exists a sharp tridiagonal system $ 
over F with parameter array ([!]) if and only if (i)-(iii) hold below. 

(i) di^dj, + ifi + 3 (0<h3<d). 

(ii) Co = 1, Cd 0; and 

d 

^d-iiWd-MKi^o- (5) 

i=0 



(iii) The expressions 

are egttal and independent of i for 2 < i < d — 1 . 
Suppose (i)-(iii) /io/d. T/ien $ is unique up to isomorphism of tridiagonal systems. 



(6) 



In [34, Section 8] we proved the "only if" direction of Conjecture 13.11 In [36, Theo- 
rem 1.6] we proved the last assertion of Conjecture 13.11 In this paper we consider what is 
involved in proving the rest of Conjecture 13.11 We are going to define a certain F-algebra 
T by generators and relations, and consider the F-algebra egTeg for a certain idempotent 
eg € T. We will state a conjecture about egTeg called the /i-conjecture. The /i-conjecture 
asserts, roughly speaking, that egTeg is isomorphic to the algebra of all polynomials over 
F involving d mutually commuting indeterminates. In Section 10 we show that the /x- 
conjecture implies Conjecture 13.11 In Section 12 we show that the ^-conjecture holds for 
d < 5. 

4 The algebra T 

In this section we recall the algebra T from [36]. From now until the end of Section 6 
let d denote a nonnegative integer and let ({6i}f =0 ; {9*}f =0 ) denote a sequence of scalars 
taken from F that satisfy conditions (i) and (iii) of Conjecture 13. 1[ 

The following algebra is reminiscent of an algebra introduced by E. Egge [12, Definition 
4.1]. 



6 



Definition 4.1 [36, Definition 2.4] Let T denote the associative F-algebra with 1, defined 
by generators a, {ei}f =0 , a*, {e*}f =0 and relations 



e i ej = 5 i> je i , e*e* = S^e* (0<i,j<d), (7) 

d d 

E e * = 1 < E e * = 1 > ( 8 ) 



i=0 i=0 
d 



a = Y J G i e i , a*=J2e*4, (9) 

i=0 i=0 

e*a k e* = if k < \i - j\ (0 < i,j, k<d), (10) 

e i a* k e j = if k < \i - j\ (0 < i,j,k < d). (11) 

Let D (resp. D*) denote the F-subalgebra of T generated by a (resp. a*). 

We now give bases for the F- vector spaces D and D*. 

Lemma 4.2 With reference to Definition \4:.l\ the following (i), (ii) hold. 

(i) Each of {a l }f =0 , {ej}f =0 is a basis for D. 

(ii) Each of {a* l }f =0 , {e*}f =0 is a basis for D* . 

Proof, (i): Observe that for < r, s < d there exists an F-algebra homomorphism T — > F 
that sends i— > (5j jr and e* h- > <5j iS for < i < d. This is verified by checking that the 
defining relations for T are respected. By the observation, a ^ for < i < d. By this 
and the equation on the left in (JTJ, the elements {e^ }f =0 are linearly independent. Let D' 
denote the F-subspace of T spanned by {ei}f =0 . By the equations on the left in (jHJ) we 
find £>' is an F-subalgebra of T. By the equation on the left in ([9]) and since {6i}f =0 are 
mutually distinct, a generates D' so D = D'. The result follows. 

(ii): Similar to the proof of (i) above. □ 

Lemma 4.3 With reference to Definition 14.11 

aei = e ieu a*e* = 9*e* (0 < i < d), (12) 

a -OA . tt «* -0*A 



0<j<d 1 3 0<j<d 

d 



l\(a - OA) = 0, H(a* - 8*1) = 0. (14) 

i=0 i=0 

Proof. Routinely verified using ©-Q. □ 
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Lemma 4.4 With reference to Definitions 12.41 anrf l4.ll the following (i), (ii) hold. 

(i) The sequence {rj(a)}f =0 is a basis for D. 

(ii) The sequence {r*(a*)}f =0 is a basis for D* . 

Proof. (i): The sequence {a l }f =0 is a basis for D, and the polynomial t% has degree 
exactly i for < i < d. The result follows. 

(ii): Similar to the proof of (i) above. □ 

Note 4.5 When we introduced T in [36] we assumed that there exists a tridiagonal system 
with eigenvalue sequence {9i}f =0 and dual eigenvalue sequence {9*}f =0 . The assumption 
was natural in the context of [36] but it was not used in any substantial way. Indeed 
one can check that every proof in [36, Sections 4, 5] is valid verbatim under our present 
assumption that {9i}f =0 and {9*}f =0 satisfy conditions (i), (hi) of Conjecture 13.11 With 
this understanding, later in the paper we will invoke some results from [36, Sections 4, 5]. 

5 Finite-dimensional T-modules 

In this section we collect some useful facts about finite-dimensional T-modules. For the 
most part the proofs are routine and omitted. 

Lemma 5.1 Let V denote a finite- dimensional T -module. Then (i)-(v) hold below. 

(i) V is a direct sum of the nonzero spaces among eiV (0 <i < d). 

(ii) For all % (0 < i < d) such that eiV ^ 0, the space e^V is an eigenspace for a with 
eigenvalue 9i, and Ci acts on V as the projection onto e^V . 

(hi) V is a direct sum of the nonzero spaces among e*V (0 < i < d). 

(iv) For all i (0 < i < d) such that e*V ^ 0, the space e*V is an eigenspace for a* with 
eigenvalue 9* , and e* acts on V as the projection onto e*V. 

(v) Each of a, a* is diagonalizable on V. 

Lemma 5.2 Let V denote a finite- dimensional T-module. Then (i), (ii) hold below. 

(i) For < % < d, 

a*eiV C a-iV + c-y + e i+ iV, 
where e_i = and e^+i = 0. 

(ii) For < % < d, 

ae*VCeUV + e*V + e* +1 V, 
where e*_ 1 = and e* d+l = 0. 

We now consider hnite-dimensional irreducible T-modules. 
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Lemma 5.3 Let V denote a finite- dimensional irreducible T -module. Then (i), (ii) hold 
below. 

(i) There exist nonnegative integers r, 5 (r + 5 < d) such that 

e*V / if and only if r <i <r + 5 (0 <i <d). 

(ii) There exist nonnegative integers t, 5* (t + 5* < d) such that 

eiV^O if and only if t < i < t + 5* {0<i<d). 

Proof, (i): By Lemma 15. If iii) and since V ^ 0, there exists an integer i (0 < i < d) such 
that e*V + 0. Define r = min{i | < i < d, e*V ^ 0} and p = max{i | < i < d, e*V / 0}. 
For r + 1 < h < p — lwe have e^V ^ 0; otherwise Yli=r e* is a, nonzero T- module properly 
contained in V, a contradiction to the irreducibility of V. The result follows, 
(ii): Similar to the proof of (i) above. □ 

Proposition 5.4 Let V denote a finite- dimensional irreducible T -module and let 5, 5* , 
r, t denote the corresponding 'parameters from Lemma \ 5.SX Then 5 = 5*. Moreover the 
sequence (a; {ej}*^|; a*; {e*}£j^?) acts on V as a tridiagonal system. 

Proof. Immediate from Lemmas l5.1H5.3l and the third sentence below Note ll.2l □ 

Proposition 5.5 Fix integers 5, r, t such that < 5 < d and < r,t < d — 5. Let 

(A; {Ei}f =Q ; A*; {E*}f =0 ) denote a tridiagonal system over F that has eigenvalue sequence 
{OiYjt^ and dual eigenvalue sequence Let V denote the underlying vector space. 

Then there exists a T -module structure on V such that (i)-(iii) hold below. 

(i) a (resp. a*) acts on V as A (resp. A*). 

(ii) For < i < d, e% acts on V as Ei—t ift<i<t + 5, and zero otherwise. 

(iii) For < i < d, e* acts on V as E*_ r ifr<i<r + 5, and zero otherwise. 
This T -module is irreducible. 

6 The ^-conjecture 

Observe that e^Te^ is an F-algebra with multiplicative identity ej. This section contains 
a general description of e^Te*, followed by a conjecture about the precise nature of e^Te*,. 
We start by recalling [36, Theorem 2.6] with the wording slightly changed. 

Lemma 6.1 [36, Theorem 2.6] The algebra e^Te*, is commutative and generated by 

elTi(a)el (1 < % < d). 

Proof. Follows from [36, Theorem 2.6] in view of Lemma l4.4f i) and Note 14.51 □ 
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Definition 6.2 Let {xi}f =1 denote mutually commuting indeterminates. Let F[xi, . . . ,Xd] 
denote the F-algebra consisting of the polynomials in {xi}f =1 that have all coefficients in 
F. We abbreviate R = F[xi, . . . , x,j\. 

Corollary 6.3 There exists a surjective F-algebra homomorphism [i : R — > e^Te^ that 
sends Xi \— > eQTj(a)eQ for 1 < i < d. 

Proof. Immediate from Lemma 16. 11 □ 

Conjecture 6.4 The map fx from Corollary ' 16.31 is an isomorphism. 

We call Conjecture 16.41 the /x- conjecture. In Section [TU] we show that the //-conjecture 
implies Conjecture 13.11 

We finish this section with some notation that is motivated by Definition 12.51 and Corol- 
lary 16.31 

Definition 6.5 We define 



Prom now until the end of Section we adopt the following assumption. 

Assumption 7.1 We assume Conjecture 16.41 is true. Let d denote a nonnegative integer 
and let ({9i}f =0 ; {9*}f =0 ; {d}f =0 ) denote a sequence of scalars taken from F that satisfies 
all three conditions (i)-(iii) of Conjecture 13.11 Let T denote the F-algebra from Definition 
14.11 that is associated with the sequence ({9i}f =0 ; {9*}f =0 ). 

With reference to Assumption 17. 11 and with an eye towards proving Conjecture 13. 11 we 
will construct a sharp tridiagonal system over F with parameter array ({9i}f =0 ; {9*}f =0 ; 
{Ci}f=o)- T° this end we define a certain left ideal J of T and consider the quotient 
T-module M = T/J. We will show M is nonzero, finite-dimensional, and has a unique 
maximal proper T-submodule M' . The quotient T-module L = M/M' will yield the desired 
tridiagonal system via Proposition 15.41 

Definition 7.2 Let J denote the following left ideal of T: 



y l = (9*-9* 1 )(9* -6* 2 )---(9* -e*)x l 



(1 < i < d). 



(15) 



7 The left ideal J of T 



a 




(16) 



i=l 



where 



9i = e* Q Ti(a)el - 



(1 < % < d). 



(17) 
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Lemma 7.3 We have 

d 

Te* nJ = Y J Tg i - (18) 

Proof. By ()17p we have gi G Teg for 1 < i < d. Therefore the right-hand side of (|18p is 
contained in Teg. The result follows from this, line ([To]) , and since T = T(l — eg) + Teg 
(direct sum). □ 

Proposition 7.4 W^e /iai>e 

e* Te* = ¥e* + e^Te^ n J (direct sum). (19) 

Proof. We claim 

d 

e* Te* nJ = J24Te* ogi . (20) 

i=l 

To obtain ([20]) . observe that egTeg contains for 1 < j < d, so egTeg contains X^i=i e o^ e o5*- 
By Definition 17.21 the ideal J contains $Zf=i egTeg c/j so egTeg D J contains X)f=i e oT & o9i- 
To obtain the reverse inclusion in ([20]) . we fix x G egTeg n J and show cc G 5Zi=i e o^ e o9i- 
Since x G egTeg we have By Lemma 17.31 and since egTeg C Teg there exist i$ G T 

(1 < i < d) such that x = X]i=i^i5v I n this equation we multiply each term on the left 
by eg and use e^ = gi to get x = Ya=i e oti e o9i- Therefore x G Ya=i e o Te o9i- We have 
proved ([20]) . Now we can easily show (fT9|) . By Corollary 16.31 Definition 16.51 and line (JTTJ) , 
the map [i satisfies 

KVi - Ci) = (*o - Wo - #2) • • • (0o " *i )<» (1 < i < d). (21) 

Let J denote the ideal of R generated by {yi — Ci}iLi> so that J = Yli=i R{Vi ~ Ci)- By 
Definition 16.21 and (|15|) we obtain a direct sum of F-vector spaces R = ¥1 + J . In this 
equation we apply the isomorphism /i to each term. The /x-image of R (resp. Fl) is egTeg 
(resp. Fe^). By (|5D|> . ([21 ]) the /i-image of J is e^Te^ n J. Line ([IS]) follows. □ 

8 The T-module M 

Definition 8.1 Let J denote the left ideal of T from Definition 17.21 Observe that T/J 
has a natural T-module structure; we abbreviate this T-module by M. We abbreviate £ 
for the element 1 + J of M. We note that 

J = {t€T\tZ = 0}. (22) 

Lemma 8.2 The following (i), (ii) ZioZd 

(i) M = T£. 

(ii) ^ is a basis for e^M . 

Proof, (i): Recall M = T/J and £ = ! + /. 
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(ii): Observe J ^ T by (|19p so 1 J. Now £ 7^ in view of Definition 18, f 1 Since 
1 — eg S J we have (1 — 6q)£ = 0, so £ = eg^- Using this and M = T£ we find e^M = egTeo^. 
In this equation we evaluate e^Te^ using (JTSJ), ([22]) to get e* Q M = F£. The result follows. 

□ 

Our next goal is to show that the F-vector space M has finite dimension. We will use 
the following notation. For subsets X,Y of T let XY denote the F-subspace of T spanned 
by {xy I x G X, ye Y}. 

Lemma 8.3 [36, Corollary 4.5] For < r, s < d we have 

L(r+s)/2j 

e* r DD*De*= £ e* r De* k De* s , 

fc=0 

where [x\ denotes the greatest integer less than or equal to x. 

Definition 8.4 Fix an integer m > 1. A sequence of integers (ko, k%, ■ ■ ■ , k m ) is called 
convex whenever — ki > ki — ki + \ for 1 < i < m — 1. 

Lemma 8.5 For < r, s < d and n > i/ie space 

e*DD*DD*D ■ ■ ■ DD*De* (n + 1 D 7 s) (23) 

is equal to 

"£e;De* kl De* k2 D---Del n Del (24) 

where the sum is over all sequences (fcj., &2, ■ ■ ■ , fcn) suc/i i/iai < k{ < d (1 < i < n) and 
(r, fei, /c2, . . . , k n , s) is convex. 

Proof. We assume n > 1; otherwise there is nothing to prove. Since {e*}f =0 is a basis for 
D* it suffices to show that 

e*De% 1 Det a D---De* kn De* s (25) 

is contained in (|24p for all sequences (&i, &2> • • • , k n ) such that < fci < d (1 < z < n). For 
each such sequence (ki, &2, . . . , k n ) we define the weight to be X^ILi ^i- Suppose there exists 
a sequence (ki, k2, ■ ■ ■ , k n ) such that ([25]) is not contained in (f24"|) . Of all such sequences, 
pick one with minimal weight. Denote this weight by w. For notational convenience define 
ko = r and k n+ \ = s. The sequence (ko, fei, k<2, . . . , k n , k n+ i) is not convex, so there exists 
an integer i (1 < % < n) such that ki—% — ki < ki — fej+i. Abbreviate h = |_(&i-i + &i+i)/2j 
and note that h < ki. By Lemma 18.31 the space (I25D is contained in the space 

h 

£ epe^ • • • Det^DelDe*^ ■ ■ ■ De* kn De*. (26) 

For < £ < h the £-summand in (|26p has weight less than u;, so this summand is con- 
tained in (|24p . Therefore (I25p is contained in (I24p . for a contradiction. The result follows. 
□ 
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Lemma 8.6 For 1 < r < d the F-vector space e*M is equal to 



J24De* kl Det 2 D---De* km Dt; 



(27) 



where the sum is over all sequences (k\, k2, ■ ■ ■ , k m ) {m > 0) such that r > k± > k2 > ■ ■ ■ > 
k m > and (r, ki, hz, ■ ■ ■ , k m , 0) is convex. 

Proof. We have M = T£ and £ = ej$£ so e*M = e*Te^. The algebra T is generated 
by D, D* . Therefore e*Te$ is the sum over n = 0, 1, 2, . . . of terms (I23p (with s = 0). We 
apply these terms to £ and simplify the result using Lemma l8.2f ii) and Lemma 18.5) this 
yields terms contained in the sum (|27l) . The result follows. □ 

Proposition 8.7 The F-vector space M has finite dimension. 

Proof. We have M = Ylr=o e *^- ^ ne subspace e$M has dimension 1 by Lemma l8.2f ii). 
For 1 < r < d the subspace e*M has finite dimension by Lemma 18.61 because in the sum 
(|27p there are only finitely many terms and each term has finite dimension. □ 

Lemma 8.8 For < i < d the following holds on M: 



Proof. First assume i = 0. Then (f28j) holds since r = 1, e^ 2 = e* Q , and Co = 1- Next 
assume 1 < i < d. To show that f)28[) holds on M we show giM = where gi is from (|17p . 
By (|22p and since gi G J we have <7j£ = 0. By this and Lemma l8.2( ii) we find gie^M = 0. 



Lemma 8.9 The elements e^e^e^, e^e^e^ are nonzero on M. 

Proof. By Lemma l8.2f ii) is nonzero on M. Concerning e^e^e^, by the equation on 
the left in (fT3j) we have e d = Td{a)T d {0 < i) . By Lemma [8.81 (with i = d) eQT d (a)eQ = 
7 7d(^o) _1 Cdeo on M. Therefore ele d e*Q = T d (6 d ) _1 rf d (6l)~ l C, d e*Q on M. By this and since 
Q / we find e*§e d e*Q is nonzero on M. Concerning e^oe^, by the equation on the left in 
([13]) we have e = Vdi^VdiOo)' 1 • By [30, Proposition 5.5], % = J2i=oVd~i{0o)Ti. By these 
comments and Lemma |8.8| 




C« e o 



(28) 



(05 - 0^(05 -0 2 *)--- (05-0*)- 



Now giM = since ft eg = ft- 



□ 



<2 



i=0 



on M. In the above line the sum is nonzero by ([5|) so e^eoeQ is nonzero on M. □ 
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9 The T-module L 



In this section we show that there exists a unique maximal proper T-submodule of M. 
We call this module M' and consider the quotient module L := M/M' . 

Lemma 9.1 Let V denote a proper T-submodule of M. Then e^V = 0. 

Proof. Suppose efiV ^ 0. By construction e^V C e$M and e%M has basis £ so £ G V\ 
The space V is T-invariant and T£ = M so M = V, for a contradiction. We conclude 
e* V = 0. □ 

Lemma 9.2 Lei and V denote proper T-submodules of M. Then V + V is a proper 
T-submodule of M. 

Proof. We show V + V ^ M. Note that e* (V + V) = e* V + e* V. By Lemma ED 
= and e* V = 0, so e* {V + V) = 0. But e* M ^ by Lemma^U), so V + V 7^ M. 
The result follows. □ 

Definition 9.3 Let V denote a proper T-submodule of M. Then V is called maximal 
whenever V is not contained in any proper T-submodule of M, besides itself. 

Lemma 9.4 There exists a unique maximal proper T-submodule in M . 
Proof. Concerning existence, consider 

V 

where the sum is over all proper T-submodules V of M. The space (|29p is a proper T- 
submodule of M by Lemma 19.21 and since M has finite dimension. The T-submodule (|29l) 
is maximal by the construction. Concerning uniqueness, suppose V and V are maximal 
proper T-submodules of M. By Lemma 19.21 V + V' is a proper T-submodule of M. The 
space V + V contains each of V, V, so V + V is equal to each of V, V by the maximality 
of V and V'. Therefore V = V and the result follows. □ 

Definition 9.5 Let M' denote the maximal proper T-submodule of M. Let L denote 
the quotient T-module M/M' . By construction L is nonzero, finite-dimensional, and irre- 
ducible. 

Proposition 9.6 The sequence (a; {ej}f =0 ; a*; {e*}f =0 ) acts on L as a sharp tridiagonal 
system with parameter array ({0i}f =o ; {0*}f =0 ; {Ci}f=o)- 

Proof. We first show that (a; {ei}f =0 ; a*; {e*}f =0 ) acts on L as a tridiagonal system. This 
will follow from Proposition 15.41 once we show that the integers r, t, 5 from that proposition 
are 0, 0, d respectively. By construction, for < i < d the dimension of e^L is equal to the 
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dimension of e^M minus the dimension of e^M'. Similarly the dimension of e*L is equal 
to the dimension of e*M minus the dimension of e*M'. Observe e^M' = by Lemma 
19.11 and since M' is properly contained in M. The space e^M has dimension 1 by Lemma 
18.2( h): therefore e^L has dimension 1 so e^L ^ 0. Now r = in view of Lemma l5.3l fi). 
Next we show t = 0. Suppose f / 0. Then e$L = by Lemma [5.3( h). so e^M C M'. 
In this containment we apply to both sides and use e^M' = to get e^eoM = 0. This 
implies e^egM = which contradicts Lemma 18.91 Therefore t = 0. Next we show 5 = d. 
Suppose 5 7^ d. Recall 5 = 5* by Proposition 15.41 so 5* ^ d. Now e^L = by Lemma 
I5.3f ii). so e^M C M' . In this containment we apply eg to both sides and use e^M' = 
to get e^edM = 0. This implies eQe^egM = which contradicts Lemma 18.91 Therefore 
5 = d. We have shown (r, t, 5) = (0,0, d). Therefore (a; {ej}f =0 ; a*; {e*}f =0 ) acts on L as a 
tridiagonal system which we denote by Observe that $ is sharp since e^L has dimension 
1. By Lemma [5TT1 <3> has eigenvalue sequence {6i}f =0 and dual eigenvalue sequence {6*}f =0 . 
By Lemma 18.81 and since the canonical map M —* L is a T-module homomorphism, we 
have 

e o Ti(a)e ° = (e* -9l)(8* -el)---(8*-8*) (0<i<d) 

on L. By this and Definition 12.51 the sequence {Ci}f=o i s the split sequence for $. By 
these comments $ has parameter array ({6i}f =0 ; {6*}f =0 ; {d}f =0 ) and the result follows. 
□ 



10 The /i-conjecture and the classification conjecture 

In this section we show that the //-conjecture implies Conjecture 13.11 This is our first 
main result. 



Theorem 10.1 Conjecture 16.41 implies Coniecture \'S.l[ 



Proof. We assume Conjecture 16.41 is true and show Conjecture 13.11 is true. Let the scalars 
([2]) be given. To prove Conjecture 13.11 in one direction, assume that there exists a sharp 
tridiagonal system $ that has parameter array 0. Then Conjecture 13. 1 I f i) holds by the 
construction, Conjecture I3.1l fii) holds by [34, Corollary 8.3], and Conjecture I3.1f iii) holds 
by [14, Theorem 11.1]. To prove Conjecture 13.11 in the other direction, assume that the 
scalars (jU satisfy Conjecture I3.1f i)-(iii). Then by Proposition 19.61 there exists a sharp 
tridiagonal system over F with parameter array (|3|). By [36, Theorem 1.6] this tridiagonal 
system is unique up to isomorphism of tridiagonal systems. □ 



11 Tridiagonal pairs over an algebraically closed field 

In this section we give a variation of Conjecture 13.11 involving tridiagonal systems over 
an algebraically closed field. We show that this variation follows from the /i-conjecture. 
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Conjecture 11.1 Assume the field F is algebraically closed. Let d denote a nonnegative 
integer and let 

({^}f =0 ;K}t ;{Caf = o) (30) 

denote a sequence of scalars taken from F. Then there exists a tridiagonal system $ over 
F with parameter array (130)) if and only i/(i)-(iii) hold below. 

(i) Oi^Oj, e*^e* ifi^j (p<i,j<d). 

(ii) Co = 1, Cd 0; an d 



(iii) The expressions 



£»*m(0oKU0o)C^o. 



H-2 - u i-2 ~ u i+l 



are equal and independent of i for 2 < i < d — 1 . 
Suppose (i)-(iii) hold. Then is unique up to isomorphism of tridiagonal systems. 

Theorem 11.2 Conjecture 16.41 implies Conjecture 111.11 

Proof. By [36, Theorem 1.3] every tridiagonal system over an algebraically closed field is 
sharp. The result follows from this and Theorem 1 10.lt □ 

12 The /i-conjecture is true for d < 5 

In this section we show that the /x-conjecture holds for d < 5. This is our second main 
result. 

Theorem 12.1 Conjecture 16.41 is true for d < 5. 

Proof. Let d be given. Referring to the Appendix, let V denote the -R-module consisting 
of formal i?-linear combinations of the given basis. We define a T- module structure on V 
as follows. An F-linear transformation tp : V — > V is said to commute with R whenever 
ipr — rip is zero on V for all r E R. Let a : V — > V and a* : V — > V denote the unique 
F-linear transformations that commute with R and act in the specified way on the basis. 
For < i < d define F-linear transformations e« : V — > V and e* : V — > V such that (|13p 
holds. By a laborious computation (or with the aid of Mathematica) one can check that 
relations ([7|)- (|11|) hold on V . This gives a T-module structure on V. Among the basis 
elements in the Appendix there is one denoted <p. For 1 < i < d we show 

e* n(a)e* 4 = ( ^_^ )( ^ ( 31 ) 
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Assume d > 1; otherwise there is nothing to show. From the Appendix a* .(j) = 6q4>. By 
this and since eg = 7 ld( a *) 7 ld(^o) 1 we ^ nc ^ e o-^ = Among the basis elements in the 
Appendix, consider the following elements: 

<f) r r 2 ■■■ r l lr % l 2 r % ■ ■ ■ l % ~ x r % 

Abbreviate r° = <\>. By the data in the Appendix, (a — Qh)- rh = r h+1 for < h < i — 1 and 
(a* - 6>*_ h )./V = Z^+V for < /i < z - 2. Moreover (a* - 6^).P~M = y^. Therefore 

( a * _ et)(a* -e* 2 )--- (a* - 0*)n(a).0 = s/<0. 

In this equation we multiply both sides on the left by eg and simplify the result using the 
equation on the right in f)12[> . Evaluating the result further using (j) = eQ.(j) yields (|3ip . By 
((ED, dSll), and Corollary EH 

n(xi).(fi = Xi4> (1 < i < d). 

By this and since /x is an F-algebra homomorphism, for / € R we have (f) = f<p- By 
construction f(j) ^ if / ^ 0; therefore /x in injective and hence an isomorphism. The 
result follows. □ 

Corollary 12.2 Conjectures 13.11 anrf lll.ll are trite /or d < 5. 

Proof. Follows from Theorems Mil QUI andQjnj □ 



13 Suggestions for future research 

In this section we give some suggestions for future research. 

In what follows let {{6i}f =0 ; {6*}f =0 ) denote a sequence of scalars taken from F that 
satisfy the conditions (i), (hi) of Conjecture 13.11 Let T denote the corresponding algebra 
from Definition 14.11 We are going to describe a subset of T that we think is a basis. To 
aid in this description we make a few definitions. 

Definition 13.1 Referring to Definition 14.11 we call {ej}f =0 and {e*}f =0 the standard 
generators for T. We call {e*}f =0 starred and {ej}f =0 nonstarred. A pair of standard 
generators is alternating whenever one of them is starred and the other is nonstarred. For 

< i < d we call i the index of e^ and e* . 

Definition 13.2 For an integer n > 0, by a word of length n in T we mean a product 
U1U2 ■ ■ - u n such that {nj}" =1 are standard generators and are alternating for 2 < 

1 < n. We interpret the word of length as the identity element of T. We call this word 
trivial. 

Definition 13.3 For < i,j,r < d we say r is between the ordered pair i,j whenever 
i > r > j or i < r < j. For standard generators u,v,w we say u is between the ordered 
pair v, w whenever the index of u is between the indices of v, w. 
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Definition 13.4 A word u\U2 • ■ -u n in T is called zigzag (or ZZ ) whenever (i), (ii) hold 
below: 

(i) Ui is not between m-i,Ui+i for 2 < i < n — 1; 

(ii) At least one of Ui-i,ut is not between Uj_2, Ui + \ for 3 < i < n — 1. 

Conjecture 13.5 Fix integers r,s (0 < r,s < d). Then the ¥ -vector space T has a basis 
consisting of the ZZ words that do not involve e r , e*. 

Conjecture 13.6 The ¥ -vector space Teg has a basis consisting of the nontrivial ZZ words 
that end in eg and do not involve eo,e^. 

Before we state the next conjecture, we have some comments concerning Teg and the 
algebra R from Definition 16.21 Note that Teg has a (right) i?-module structure such that 
v.r = vfj,(r) for all v G Teg and r £ R (the map \x is from Corollary I6.3[) . Let End(Teg) 
denote the F-algebra consisting of all F-linear transformations from Teg to Teg . An element 
/ € End(Teg) is said to commute with R whenever f(v.r) = f(v).r for all v E Te$ and all 
r € R. Let Endij(Teg) denote the subalgebra of End(Teg) consisting of the elements which 
commute with R. Note that Te$ has a (left) T-module structure such that t.v \— > tv for all 
f £ T and v E Te$. Observe that the action of T on Teg commutes with R and therefore 
induces an F-algebra homomorphism T — > Endij(Teg). 

Conjecture 13.7 T/ie above map T — > Endij(Teg) is an injection. 

Definition 13.8 Let W denote a right i?-module. By an R-basis for W we mean a sequence 
{zi}™ =l of elements in W such that each element of W can be written uniquely as Ya=i ZiTi 
with n G R for 1 < % < n. 

Definition 13.9 [37, Section 7.4] Let W denote a right i?-module. Then W is called free 
whenever W has at least one -R-basis. In this case the number of elements in a basis is 
independent of the i?-basis. This number is called the rank of W . 

We are going to describe a subset of Teg which we think is an .R-basis. To describe the 
subset we will use the following notation. 

Definition 13.10 By a feasible ZZ word in T we mean a nontrivial ZZ word that ends 
in eg and whose indices are mutually distinct. 
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Example 13.11 For d < 4 we list the feasible ZZ words in T. 



A 
(I 




feasible ZZ words 


in T 




n 
U 


p* 


1 




p* 


e i e o 






2 




e 0' e l e 0' 


e2eo, 






3 




* * 

e 0' e l e 0' 


e2eo, 


e3eo, 














4 




eieg, e 2 e^, 


S3eo, e 4 e5, 






ete 2 e* , 


e l e 3 e 0' e l e 4 e Q' 


e 2 e 3 




e 3 e 4 e 0' 






e 2 ele 4 eQ, e 3 e|e 4 eo, 




e^e 3 eje 4 e5 



Conjecture 13.12 XTie R-module Teg «s /ree wii/i ranA; 2 . Moreover this module has an 
R-basis consisting of the feasible ZZ words. 

Conjecture 13.13 For < i < d the R-submodules e*Te^ and ejTeg are both free with 
rank (^) . 

Problem 13.14 An element of T is called central whenever it commutes with every ele- 
ment of T. The center Z(T) is the F-subalgebra of T consisting of the central elements of 
T. Describe Z(T). Find a generating set for Z(T). Find a basis for the F- vector space 
Z(T). 

Problem 13.15 For < i,j < d write the word egejei-eo as a linear combination of 
the words egej-egeo (0 < r < d). What are the coefficients in this linear combination? 
See [41, Lemma 14.5] for a partial answer. 
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14 Appendix 



In this appendix we give some data that is used in the proof of Theorem 112.11 Let 
d denote a nonnegative integer at most 5 and let ({9i}f =Q ; {9*}f =0 ) denote a sequence of 
scalars taken from F that satisfy the conditions (i), (hi) of Conjecture 13, 11 For < i < d — 2 
we define scalars 

£% = (Gi+i - di+2)(0* + i - 0* i+2 ) - (Oi - 9 i+ i)(9* - 9* +l ). 

The case d = 

The basis is <j). 

The action is a.cj) = 9q(J), a*.cp = #q0. 

The case d = 1 

The basis is </>, r. 
The action of a is 

a.cj) = 9q4> + r, a.r = 9\r. 

The action of a* is 

a* 4 = Qq4>, a* .r = 9{r + yi4>. 



The case d = 2 

The basis is <fi, r, lr 2 , r 2 . 
The action of a is 

a.cj) = 9 <t> + r, 
air 2 = 9\lr 2 + (yi - e )r 2 , 

The action of a* is 

a* .(f> = 9q4>, a*.r = 9{r + yi<t>, 

a*.lr 2 = 9\lr 2 + y % <j), a*.r 2 = 9\r 2 + lr 2 . 



For d > 3 we define (5 G F such that (5 + 1 is the common value of ([6]) . We remark that 
/3 + 1 is nonzero; otherwise 9q = 9%. For d > 4 the scalar (3 is nonzero; otherwise 9q = 9^. 
For d = 5 the scalar 1 + /? — 1 is nonzero; otherwise #o = #5- 



a.r = #ir + r , 
a.r 2 = 92T 2 . 
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The case d = 3 

The basis is 



r lr 2 l 2 r 3 

r 2 lr 3 rl 2 r 3 
^3 



The action of a is 



V 


a.v 


4> 


6 (f> + r 


r 


Oir + r 2 


lr 2 


Oilr 2 + (yi - e )r 2 + (/? + l)' 1 ^ 3 


l 2 r 3 


6»i/ 2 r 3 + r/ 2 r 3 




6 2 r 2 + r 3 


lr 3 


2 lr 3 + (yi + (0 O - (9i)((?5 - 9* 3 ) - (9 Q - 9 3 )(9* 2 - 6* 3 ))r 3 


rl 2 r 3 


see below 


^3 


6 3 r 3 



a.rl r 6 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


rl 2 r 3 


o 2 






j/a + yi(/0 + 2)((0 o -0i)(0;- 


e*2)-(0i-e 2 )(e*-e*)) 




+((e -(9 1 )((9*-^)-(eo- 


o 3 )(o* 2 - e* 3 )) 




x(((9 o -ei)((95-(9 2 *)-0 





The action of a* is 



1> 


* 

a .v 






r 


9\r + yi4> 


lr 2 


Q\lr 2 + y 2 (f> 


l 2 r 3 


0{l 2 r 3 + y 3 (j) 




6* 2 r 2 + lr 2 


lr 3 


e^lr 3 + Z 2 r 3 


rl 2 r 3 


e*rl 2 r 3 + y 3 (/3 + + (yi + (0 O - Wo ~ 8*2) ~ {&i ~ Wi* - 0|))i 2 r 3 




0|r 3 + lr 3 
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The case d = 4 

The basis is 

r lr 2 l 2 r 3 l 3 r A 

r 2 lr 3 H 2 r 3 p r 4 rl 3 r 4 ^2^4 

r 3 lr A rl 2 r 4 r 2 l 3 r A 

r 4 



The action of a is 



1 1 
V 


Hi . V 


6 


find, _l_ r 


r 


6»ir + r 2 


lr 2 


^i/r 2 + ( yi - £ )r 2 + (/? + l)- 1 Zr 3 


l 2 r 3 


0\l 2 r 3 + rl 2 r 3 


l 3 r 4 


dll 3 r A + rl 3 r A 




Q 2r 2 _|_ r 3 


lr 3 


# 2 /r 3 + (yi - p-\f3 + l)(e + £i)> 3 + /T^r 4 


rl 2 r 3 


see below 




6 2 l 2 r A + r/ 2 r 4 


rl 3 r 4 


(9 2 r/ 3 r 4 + r 2 l 3 r 4 


lr 2 l 3 r 4 


see below 


r 3 


# 3 r 3 + r 4 


lr 4 


^r 4 + (yi-/3(/3 + l)ei)r 4 


rl 2 r 4 


3 WV + (y 2 - yi (J3 + 1)(J3 + 2)e l + ((3 + l) 2 £l ( £o + (/? + l)ei))r 4 




see below 


r 4 


6 4 r 4 



a.rl 2 r 3 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


rl 2 r 3 


o 2 






V2 


- j/i/T 1 ^ + 2)(e + ei) + /T 2 (/3 + l)(e + £l )({0 + 1> + £i) 


lr 4 


0- 


2 (-e + (/? 2 + /3-l)ei) 


rl 2 r 4 


0- 


l 



22 



a.lr 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


lr 2 l 3 r 4 








lr 4 


y 3 (P + 1)- 1 - MP + + viP-HP + i) 2 £i(£o + {P+ i)ei) 




-/T 1 ^ + l) 2 £i(eo + £i)(eo + (/3 + l)ei) 


r 2 /3r 4 


yi-r 1 ((/3 + l)eo + (2/3 + l)ei) 



a.r 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


r 2 /3r 4 


03 




2/3 ~ V2((3 + l) 2 S! + yiP-HP + l) 3 ^i(eo + ((3 + l)ei) 




-/T 1 ^ + l) 3 £i(eo + £i)(eo + (0 + l)ei) 



The action of a* is 



1> 


a*.v 


</> 




r 


Q{r + yi<t> 


/r 2 


Q\lr 2 + y 2 (f> 


/ 2 r 3 


6\l 2 r 3 + y 3 cP 


/ 3 r 4 


9fl 3 r 4 + y A <j> 


r 2 


9* 2 r 2 + lr 2 


lr 3 


9* 2 lr 3 + l 2 r 3 


rl 2 r 3 


9*rl 2 r 3 + y 3 (/3 + + (yi - pr\(P + l)e + £i))Z 2 r 3 + 0-\(3 + lJ-^V 


l 2 r 4 


0|Z 2 r 4 + l 3 r 4 


rl 3 r 


6* 2 rl 3 r 4 + y 4 /rV + (yi - /T^/? + l)(eo + £i))Z 3 r 4 


lr 2 l 3 r 4 


see below 




0* r 3 + ^ r 3 


lr 4 




rl 2 r 4 


0*H 2 r 4 + (yi - (e + {(3 + 2)e l ))l 2 r 4 + ((3+ l)" 4 W 3 r 4 


r 2^ r A 


9*r 2 l 3 r 4 + Zr 2 Z 3 r 4 


r 4 


0|r 4 + lr 4 
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a*dr 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


lr 2 l 3 r 4 




r 


-y 4 r 2 (eo + (/3 + l)ei) 


lr 2 


2/4/T 1 


Z 3 r 4 


V2 - yi/3-HP + 2)(e + (P+ l)ei) + /3" 2 (/3 + l) 2 (e + £i)(e + (/? + l)ei) 



The case d = 5 

The basis is 

r lr 2 l 2 r 3 

r 2 lr 3 rl 2 r 3 

r 3 lr A rl 2 r A 

r 4 lr 5 rl 2 r 5 

r 5 



l 3 r 4 l A r b 

/2 r 4 r/ 3 r 4 ^ 2/ 3 r 4 j 3f .5 ^5 ^2^5 ^3^5 
r 2 Z 3 r 4 Z 2 r 5 r ;3 r 5 / r 2;3 r 5 r 2^4 r 5 / r 3j4 r 5 ^3/4^ 
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The action of a is 



V 




(f) 


6*0^ + r 


r 


6»ir + r 2 


lr 2 


#i/r 2 + (yi - e )r 2 + (/3 + l)" 1 ^ 3 


,o q 

l 2 r 3 


0\l r 6 + rrr d 


l 3 r 4 


Oil 3 r 4 + W 3 r 4 


l 4 r 5 


6»i/ 4 r 5 + r/V 


r 2 


6> 2 r 2 + r 3 


i 3 


V2lr + {yi - P (p + l)(£o+£i))'" +P ' r 


i2 3 

rrr" 


see below 


;2 4 

rr 


/l 79 4 , 79 4 

6> 2 rr + rrr 


^,;3„4 
rl r 


A m l3„4 i „2/3„,4 


7 2 73 4 

lr l r 


see below 


rr° 


/) 73 "5 i 73 "i 


74 5 

rl r 


zi 74 5 i 2 74 5 

y 2 rl r + r lr 


lr I r 


a l„2iA„5 i J/s(/3+2) 3 | / / | /a i q\_ \\„274,„5 i i i\- 17„3;4„5 

fl2<r / r° + (^ypj^zi) r + [Ui \ £ + [P + 2 ) £ i)J r * r + \P + 1) lr°l r° 


l 2 rH 4 r h 


2 l r s l 4 r 5 + rl 2 r d rr° 


q 


03r J + r 4 


, /I 

/r 4 


#3^ 4 + (yi - /?(/? + l)ei)r 4 + ^^T Zr 


t9 zl 

rt r 


see below 


r 2 l A r 4 


see below 


r2 "i 


A ,o 1 79^ 


.q e 

rrr 


6» 3 r/ 3 r 5 + r 2 Z 3 r 5 


lr 2 l 3 r 5 


see below 


r 2 / 4 r° 


3 r 2 rr° + r 3 l 4 r° 


<r t r 


see below 


rl 2 r 3 l 4 r 5 


see below 


r 4 


#4r 4 + r 5 


lr 5 


^r 5 + ( yi - (p 2 + (3 - l)(-e + (/3 2 - l) £l ))r 5 


rl 2 r 5 


see below 




see below 


r 3 / 4 r 5 


see below 


^5 


5 r° 
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a.rl 2 r 3 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



rl 2 r 3 

/r 4 
rl 2 r 
l 2 r 5 



2 

V2 - yiP-\P + 2)(e + ei) + P'HP + l)(e + + l)eo + £1)) 

r 2 (-eo + (/? 2 + /3-l)ei) 

r 1 

1 

/3(/3*+/?-l) 



a.lr 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



lr 2 l3r 4 



r 

lr 4 



l 2 r 5 

lr 2 l 3 r 5 
r 2 l 4 r 5 



ys((3 + I)" 1 - MP + + ViP'HP + l) 2 £i(eo + (/? + l)ei) 
-P-\P + l) 2 ei(e + £i)(eo + (P + l)ei)) 
yi-/3- 1 ((/3 + l)eo + (2/3 + l)ei) 

^(/3+l)(~(/3+l) £0 +(/3 3 +/3 2 -2/3-l) £l ) _ (/3+l) 2 £ i(-(/3+l) £( ,+(/3 3 +/3 2 -2/3-l) £l ) 



/3(^+/3-l) 
-(/3+l) £ o + (/3 3 +/3 2 -2/3-l) £l 
/3(/3 2 +/3-l) 

1 

/3 2 +/3-l 
1 

/3(^+/3-l) 



/3 2 +/3-l 



a.rl r is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



rl 2 r 4 

lr 5 
rl 2 r 5 



V2 -yi(P+ 1)(P + 2)ei + (/? + l) 2 ei(e + (/? + l)d) 

(/3+l)(/3+2)(- £(1 +(/3 2 -2) £l ) 

J3±2_ 

/3 2 +/3-l 



a.r 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



r 2 l 3 r 4 



lr 5 
rl 2 r 5 



H 3 r 5 



O3 

2/3 - m(P + l) 2 ei + yi/T 1 ^ + lfei(e + ((3 + l)ei) 
-/T 1 ^ + l) 3 £i(eo + ei)(eo + (/? + l)ei) 

(/3+l) 3 ((/3+l) £ 2 -(2 / 3 3 +2 / 3 2 -4 / 3-3) £0£l + (/3 2 -2)(/3 a +/3 2 -2/3-l) £ 2 ) 

/3(/3 2 +/3-l) 
(/3+1) 2 (-(/3+1) £ q+(/3 3 + / 3 2 -2 / 3-1) £i ) 
/3(/3 2 +/3-l) 

J±l 

/3 2 +/3-l 
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a.lr 2 l 3 r 5 is the weighted sum involving the following terms and coefficients. 



term 




lr 2 l 3 r 5 


#3 




y 3 (/3 + 1)- 1 - Jft/T 1 ^ + l) 2 (-e + (P 2 - l)ei) 

+ l) 3 (-eo + (/3 2 - l)ei)(-e + (/3 2 + /? - l)ei) 
-(/? + l) 2 (p 2 + /? - l)ei(-e + (/? 2 - l)ei)(-eo + (P 2 + P ~ l)ei) 


^->3^4^5 


yi - /S-H-C/S + l)eo + (2/3 3 + 2f3 2 -2/3- l) £l ) 
/3- 1 (^ + l) _1 



a.lr 3 l 4 r 5 is the weighted sum involving the following terms and coefficients, 
coefficient 



#3 

J/5 



y 4 r 1 -?/3(/3 + 2)(-eo + (/3 2 -l)ei) 

+^/T 1 (/3 + l) 3 (-eo + (/3 2 - l)ei)(-e + (/? 2 + P ~ l)ei) 

+ l) 3 (/3 + 2)ei(-e + (/? 2 - l)ei)(-e + (/? 2 + P ~ l)ei) 
+/T 1 (/3 + l) 3 (/3 2 + /? - l) ei (eo + (/3 + l)ei) 
x(-e + (P 2 ~ l)ei)(-eo + (/3 2 + /? - l)ei) 

2/i - rH-^o + (/3 + 1)(/? 2 + /? - l)ei) 
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a.W 2 r 3 Z 4 r 5 is the weighted sum involving the following terms and coefficients, 
term coefficient 



rZ 2 r 3 Z 4 r 5 
h 5 



rl 2 r 5 



r 3 l 4 r 5 



03 

yiy 5 Q3+2) _ ys((,a 2 +/3-l)eo + (/3+l)(2/3 2 +3,«-l)£i) 



3/? + l)ei) 



l)e + (/3 + l)(/3 3 -3/3 + l)ei) 
-yzP~\P + 2)(-e + (P 2 ~ l)^i)(-(/3 2 + P~ l)e + (P + l)(P 3 
+y 2 r 2 (/3 + l) 3 (-eo + (P 2 - l)ei)(-eo + (P 2 + P - l)ei) 

x(-(/3 2 + /? - l)e + (P + 1)(/? 3 - 3/3 + l)ei) 
-yxP~\P + 2)(/3 + l) 3 ei(-e + (P 2 - l)ei)(-e + (/3 2 + /3 - l)ei) 

x(-(/3 2 + /? - l)e + (/? + 1)(/? 3 - 3/3 + l>i) 
+r 2 (/3 + l) 3 (/3 2 + P- l)ei(e + (P + l)ei)(-e + (/? 2 - l)ei) 

x(-e + (/3 2 + /3 - l)ei)(-(/3 2 + p - l)e + (/? + l)(/3 3 - 3/3 + l) £l ) 

y4r 1 -y 3 (/3 + 2)(-e + (/3 2 -i)£i) 

+y 2 /3" 1 (/3 + l) 3 (-eo + (P 2 ~ l)ei)(-e + (P 2 + P - l)ei) 
- yi (/3 + 2)(/3 + l) 3 ei(-e + (P 2 ~ l)ei)(-eo + (/3 2 + /? - l)ei) 
+/T 1 (/3 + l) 3 (/3 2 + /3 " l)ei(eo + (0 + l)ei) 
x(-e + (P 2 - l)ei)(-e + (/3 2 + /3 - l)ei) 

2/2 - j/i/T 1 ^ + 2)(-e + (2/3 2 + /3 - l)ei) 

-P~ 2 {P 2 + P- 1)4 + P~ 2 {P + l)(2/3 3 - p 2 - 5/3 + 2)e £i 

+/3- 2 (/3+l) 2 (3/?-l)(/? 2 + /?-l)e? 



a.rl 2 r b is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


rl 2 r 5 


04 






V2 ~yi(P + l)(P + 2)(-e + (p 2 - 






+(/3 + l)(/3 2 + /?-l)(-e + (/3 2 - 


l)e 1 )(-e + (/3 2 + /?-l)£i) 



a.r 2 l 3 r 5 is the weighted sum involving the following terms and coefficients. 

term coefficient 
r 2 l 3 r 5 ~6~4 

r 5 y3-y 2 r 1 (/3+l) 3 (-^o + (/3 2 -l)ei) 

+y 1 p- 1 (P + l) 4 (-e + (/3 2 - l)£i)(-£o + (P 2 + P ~ l)ei) 

-(/3 + l) 3 (/3 2 + /3 - l)ei(-e + (/3 2 - l)ei)(-£o + (/? 2 + P ~ l)d) 
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a.r 3 / 4 r 5 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


r 3 / 4 r 5 






y4-y3(3(P + 2)(-e + (P 2 -l)e 1 ) 




+y 2 (P + l) 3 (-e + (P 2 - l)ei)(-e + (P 2 + P ~ l)d) 




- yi P(P + lf(P + 2)ei(-e + (/? 2 - l)ei)(-e + (/3 2 + /? - l)d) 




+(/? + l) 3 (/3 2 + /? - l) ei (eo + (/? + l)ei)(-e + (/? 2 - l)ei)(-£o + (/3 2 + P ~ l)ei) 
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The action of a* is 



V 


* 

a .v 


(f) 




r 


6»*r + yi0 


lr 2 


#i*^ 2 + y 2 <\> 


;2 3 
IT 


/)*72 3 i ± 


l 6 r 4 


zij. iQ /I i 

#:fPr 4 + y A 4> 


l 4 r 5 


6*^ 4 r 5 + y 5 


„2 


£*,»2 i i'2 
C7 2 r + ^ 




/1*7 ^ , l9 3 

Q* 2 lr 6 + rr* 


^,;2^,3 
rl r 


t) 2 rl r° + 2/3 (/? + 1) r + (yi — p {{p + \)eq + Ei))l r° + p (p + 1) ( r 


;2 4 


zi*;2 4 i 73 4 

U^l r + t r 


;3 4 

rrr 


6>^r/ d r 4 + j/4/3 V + (2/1 - /? l (P + l)(e + £i))/ J r 4 + fl^+ff-i)* r 


lr 2 l 3 r A 


see below 


rr 


fl^r + rr 


;4 5 

rl r 


13* 74 5 1 ?/5(/3+l) 1 / /_ 1 / 1 1 \_ \\ ;4 5 

6 2 rrr + + [Vi - (£0 + (P + lj£i))rr° 


i 2;4 5 

lr l r 


see below 


l 2 r 6 rr b 


see below 




(9gr 3 + /> 3 


/> 4 


fl^r 4 + / 2 r 4 


;2 4 

rrr 
r 2 Z 3 r 4 


/1* ?2 4 1 / ( 1 / /O 1 n\ \\;2 4 1 / ^> 1 1 \ — 1 i3 4 1 /3+2 /3 5 

fljrrr 4 + (2/1 - (e + (/? + 2)ei))^r 4 + {(3 + 1) VZ d r 4 + (/m) ffi +/3 , 1} 
0*r 2 l 3 r 4 + /> 2 /; 3 r 4 


Z 2 r 5 


O^Pr 5 + / 3 r 5 


rl 6 r° 


flJWV + (2/1 - /? 1 (-e + (/? + l)(/3 2 + /9 - l)ei))/ 3 r 5 + /? V/V 


lr 2 l 3 r 5 


see below 


9 t4 ^ 


/1* 9 ?4 ^ , 7 9t4 ^ 

Q\r 2 rr* + irrr s 


7„3;4„5 

lr l r 


zi*7„374„5 1 ;2„374„5 

u^ir 1 r -\- 1 r l r 


rl 2 r 3 l 4 r 5 


see below 


r 4 


^r 4 + Zr 4 


lr 5 


6»|Zr 5 + / 2 r 5 


rl 2 r 5 


^r/V + (2/1 -{[3 + l)(-e + (/3 2 + /? - 2)ei))/ 2 r 5 + (/3 + l)-V/ 3 r 5 




6 )| r 2 / 3 r 5 + / r 2;3 r 5 


r 3 Z 4 r 5 


(9|r 3 / 4 r 5 + /r 3 / 4 r 5 


^5 


g* r 5 + / r 5 
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a*.lr 2 l 3 r 4 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



lr 2 l 3 r 4 
r 
lr 2 
Z 3 r 4 



&P^ -y4/3- 2 (e + 09 + l)ei) 
2/4/3" 1 

2/2 - 2/i/3~ 1 (/3 + 2)(eo + (/? + + /?" 2 (/3 + l) 2 (eo + £i)(e + (P + l)ei) 

yiQ3+2) _ (/3+l) 2 (£Q+(/?+l)£l) 



a*.lr 2 l 4 r 5 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



lr 2 l 4 r b 
r 
lr 2 
Z 4 r 5 



0*2 

y 5 (/3+l)(/3+2)ei 
/3 2 +/3-l 
y 5 (/3+2) 
/3*+/3-l 

2/2 - 2/i + + 2)ei + (/? + l) 2 ei(e + (/? + l)ei) 



a*.l 2 r 3 l 4 r 5 is the weighted sum involving the following terms and coefficients. 



term 



coefficient 



l 2 r 3 l 4 r 5 
r 
lr 2 
l 2 r 3 



Z 4 r 5 



y5(/3+l) 3 £i(-£0 + (/3 2 +/3-l)£i) 
/3(/^+/3-l) 
y 5 (/3+l) 2 (- £o +(^+/3-l)ei) 
W 2 +i3-l) 

ys (/?+!) 
/3 2 +/3-l 

2/3 - 2/ 2 r 1 (/? + l) 2 (-eo + (/? 2 + /3 - l)ei) 
+ l) 4 £i(-£o + (/3 2 + /? - l)ei) 
-(/3 + l) 3 ei(e + W+ l)ei)(-e + (f3 2 + (3 - l)ei) 



a*.lr 2 l 3 r 5 is the weighted sum involving the following terms and coefficients. 



term 



Zr 2 Z 3 r 5 

^2 



Z 3 r 5 



rl r 5 
lr 2 l 4 r 5 



coefficient 



ys 



/3(/^+/3-l) 

2/2 - 2/i/r 1 (/3 + 2)(-(/3 + l)e + (/? 3 + 2/3 2 - /? - l) £l ) 
+/3~ 2 (/3 + l)e 2 - /3" 2 (/3 5 + 3/3 4 + 5/3 3 + 3(3 2 - 3/3 - 2)e £i 
+/3~ 2 (/3 + l)(/3 2 + /3 - l)(/3 4 + 2/3 3 + /3 2 - 2/3 - l)e 2 

-/3" 2 (-(/3 + l)e + (/3 3 + /? 2 - 2/3 - l) £l ) 

r 1 
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a* .rl 2 r s l 4 r 5 is the weighted sum involving the following terms and coefficients. 



term 


coefficient 


rl 2 r 3 l 4 r 5 


e$ 


r 2 


j/ 5 (/3+l)(eo+(/3+l)£i)(-eo + (/3 2 +/3-l)£i) j/ij/5(/3+l)(-£o + (/3 2 +/3-l)ei) 


h 3 
it i 

l 2 r 4 


P{P'+p-i) pijp+p-i) 

y5(-eo+(/3 2 +/3-l)£i) 
P(P 2 +P-1) 

2/5 


p 2 +p-l 

2/5 


P(P*+P-1) 


Z 3 r 5 


yrf-\(3 + I)' 1 - y 3 (P + + 2)(-e + (/3 2 - l) £l ) 
+y 2 r 1 (/3 + l) 2 (-eo + (/3 2 - l)ei)(-eo + (/? 2 + /3 - l)ei) 

a, ( R _l_ 1 "\2/ /3 i i)V / _ j_ ( r2 -\\<~ \( c -L (R 2 -L R lie 1 

- ZMP + J-J IP + ^J £ iv — £ o + (P — -U^iJv - £ o + (P +p — J-J £ ij 

+ l) 2 (/3 2 + P- l)ei(eo + (/? + l)ei) 
x(-e + (/3 2 - l)ei)(-e + (/3 2 + /3 - l)ei) 


W 4 r 5 


y 3 (/3 + l)" 1 - ViP~\P + !)(-^o + (/? 2 + P ~ 

+yi/T 1 (/3 + l) 3 £i(-£o + (/? 2 + P - l)ei) 

-(/? + f) 2 ei(e + (/? + l)ei)(-eo + (/3 2 + /? - l)ei) 


/2 r 3 Z 4 r 5 


yi -/?-!((/? -l) £o + (2/3 2 + 2/3 -l) £l ) 
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